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ON THE PUSH-OUT SPACES 



M. FATHY AND M. FAGHFOURI 



^—{ Abstract. Let / ; Af™ — > R™'+*= be an immersion where M is a smooth 

f*^ connected m-dimensional manifold without boundary. Then we construct a 

^vj subspace fi{f) of R*', namely push-out space, which corresponds to a set 

of embedded manifolds which are either parallel to /, tubes around / or, 

ingeneral, partial tubes around /. This space is invariant under the action of 

^^ the normal holonomy group, 'HoJ(/). Moreover, we construct geometrically 

^"'n some examples for normal holonomy group and push-out space in M^. These 

^^, examples will show that properties of push-out space that are proved in the 

I case 'hLol(f) is trivial, is not true in general. 



1. Introduction 



1 -Q In this paper we introduce push-out space for an immersion / : M™ — > M™+'^, 

C^ where M is a smooth connected m-dimensional manifold without boundary. To do 

H this, we give some examples in 3-dimensional Euclidean space, R^, infact, in these 

1—^ examples we calculate normal holonomy group and push-out space geometrically. 

We consider the case when T-Lol{f) is non-trivial. This extends the work of Carter 

Kj^ and Senturk |2], who obtained results about the case when 'Hol{f) is trivial. In 

tH- these examples we show that some of the properties of push-out space which they 

Cn) obtained is not true for the case when 'Hol{f) is non-trivial. 

0\ 

"^ 2. Basic definitions 



Definition 2.1 ([2])- Let / : M™ — > M™+'^ be a smooth immersion where M is 
^r^ a smooth connected 77i-dimensional manifold without boundary. The total space of 

T-H the normal bundle of / is defined by 

> N{f)^{{p,x)(=,Mx«^+'' ■.<x,v>={) Vvef^TpiM)} 

^C The endpoint map r] : N{f) — > ]R™+'^ is defined by ri{p, x) = f{p) + x and, the set 

H of singular points of -q is subset S(/) C N{f) called the set of critical normals of / 

and the set of focal points of 77 is a subset r?(E(/)) C M™+'°. 

For p e M, we put 7Vp(/) = {x : {p,x) S N{f)} and Sp(/) = {x : {p,x) e £(/)} 
respectively, normal space at p and the set can be thought of as focal points with 
base p. 

Definition 2.2 ([!]). For po € M and p e M and path 7 : [0, 1] — > M from po 
to p define ipp,^ : Npg(f) — > Np{f) by parallel transport along 7. The (pp^^'s are 
isometries. The normal holonomy group on Npg{f), is 

Holif) - {<^p„,^ : 7 : [0, 1] ^ M, 7(0) = 7(1) = Po} 
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If the closed path 7 at po is homotopically trivial then ifpa^-y is an element of the 
restricted normal holonomy group 'HolQ{f). 

Definition 2.3 ([3]). For a fix po G M the push-out space for an immersion 
/ : Af " — > M™+'= is defined by 

n{f) = {xe Np^if) : yp e A/,V7 s.t. 7(0) =Po, 7(1) =P then ^^^^x i Ep(/)} 

(i.e. Vp € M , /(p) + (pp ,y(a;) is not a focal point with base p when x belongs to 
r2(/)). Therefore r2(/) is the set of normals at po, where transported parallely 
along all curves, do not meet focal points. So r2(/) is invariant under the action of 

Definition 2.4 ([^). Let B C -/V(/) be a smooth subbundle with type fiber S 
where 

1) S is a smooth submanifold of M*^ 

2) Sn5](/)=0 

3) B is invariant under parallel transport (along any curve in M). Then B is a 
smooth manifold and g = jyjs : B — > M™+'^ is a smooth immersion called a partial 
tube about f. 

Theorem 2.5 (^). Let T-Lol^f) is trivial and M be a compact manifold. Then 
each path- connected component of V,{f) is open in JR*^. 

Theorem 2.6 ([2J). Let 'Hol{f) is trivial then Each path- connected component of 
r2(/) is convex. 



Remark 2.7. In Example 3.2 if - is irrational then fl{f) is not open in R but 



M = S^ is compact. Also, in Example 3.5 il(/) = {0} hence Sl(/) is closed in 



but 'Hol{f) is trivial. This shows that Theorem 2.5 is false when M is not compact 
or 'Hol{f) is non-trivial. 



Remark 2.8. In Example 3.6 one of path-connected components of fi(/), which is 
the complement space of cone and two other components in M^ , is not convex. This 



shows that Theorem 2.6 is false when 'Hol{f) is non-trivial. 



we conclude that the properties of push-out space that are proved in the case 
'Hol{f) is trivial, is not true in general. 

3. Examples of normal holonomy groups and push-out spaces 
Example 3.1. We start with a curve as below 

y 



(01) 



a 



(m 



-> it- 



suppose this curve is given by s i->- {£,{s) , r]{s)) where s £ [0, 1] and at (1, 0, 0):s = 
,|f = 1, (^)'-77 = for all r > and at (0, l,0):s = 1,|5 = 1, (£)''$ = for all 
r > 0. Now,we take this curve in M.^ and consider the same curves in z/z-plane and 
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S"'^ with ^, the curve in 



a;z-plane and fit together to make a smooth closed curve in 

^ can be redefined as / : §^ — > I 

(^(S),7?(S),0) 0<5<1 

f{s)^{ (0,^(s-l),ry(s-l)) 1 < s < 2 
(r7(s-2),0,e(s-2)) 2<s<3 



M'^.Now by identifying 
l^ where: 




^y 



To find the normal holonomy group of the above curve, we will consider normal 
vector to the curve under parallel transport. As each part of the curve lies in a 
2-plane, the normal plane at a point of the curve is spanned by the perpendicular 
direction to the 2-planes. 

Stepl. Start with the normal vector at (1,0,0), in the diagram, it stays in the xy- 
plane under parallel transport. 



K 



(0,1,0) 



'•''VrrJ^ 



./ 



(1,0,0) 



~;^x 



The normal vector (0,1,0) at (1,0,0) goes to normal vector (-l,0,0)at (0,1,0). 
Step2.At (0,l,0)the the normal vector (-1,0,0) is perpendicular to the yz-plane, it 
stays perpendicular to the yz-plane under parallel transport form (0,1,0) to (0,0,1). 



(0,0,1) 
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The normal vector (-l,0,0)at(0,l,0) goes to normal vector(-l,0,0) at (0,0,1)- 
StepS.The the normal vector (-1,0,0) is in the xz-plane at (0,0,1) and stays in the 
xz-plane from (0,0,1) to (1,0,0). 



t 



(1,0,0) 



tiiX^ 




y 



(0,0,1) 



i-z 



The normal vector (-1,0,0,) at (1,0,0) by going once around the curve the normal 



vector will turn about ^. 




y X 



Going around of curve again, the normal vector moves through another ^ and after 
four times around the curve back to its original position, this shows that Hol{f) is 
generated by a rotation through ^. 

Start, 

^ StinicH around 
the curve 



Onoe around 
the curve 



id (■ , 

J 



.7 



2times around 
J/ the curve 



Now we find the push-out space of /. Except at end-points of three areas, locally 
the curve lies in a 2-plane so the focal points with base s,f{s) + Ss(/), consists of a 
straight line through the center of curvature, c{s), of the curve at s, perpendicular 
to the line joining c(s) and f{s). 
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/(.') + W,(/) 



At end-points of three areas, and possibly some other points, the focal set is empty 
as the center of curvature " at infinity" . 

so 5]s(/) is a line in Ns{f). The image of Ss(/) under normal holonomy group is 
obtained by rotating it through ^ until it returns to the original position. 




v.i;/) 



Now, fix the normal plane Nsg{f) at f{So) = (1, 0, 0) where sq = and use parallel 
transport to identify all the normal planes with the normal plane Ns„ (/). The push- 
out space is complement of all the Ss(/) and their images under normal holonomy 
group. 
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Therefore the push-out space of / : §^ — > M.^ is an open square Q with sides of 
length 2p where p is the minimum absolute value of the radius of curvature of the 
original curve in the xy-plane. (i.e. Q{f))[s the interior of the smallest square on 

^.o(/)-) 



Example 3.2. We consider the immersion / as in Example 3.1 except that the 
xz-plane is tilted through an angle a. 



In other words, / = Lof where f is the immersion in example 3.1 and L is the 
linear transformation given by 



1 
1 tan 
1 



i = I 1 tana | where < a < ^. So, we have 



'(e(s),ry(s),0) 0<s<l 

/(s) = { (0,C(s- l)+?/(s-l)tana,ry(s-l)) 1 < s < 2 

(?7(s-2),^(s-2)tana,C(s-2)) 2<s<3 



The end-points of three areas of this immersion are (1,0,0), (0,1,0) and (0,tanQ;,l). 
Note that at these points the tangent to the curve is the radial line form (0,0,0) so 
unit tangent at (1,0,0) is (l,0,0)and unit tangent at (0,tana,l) is ■,' '^""j, ' = etc. 



As in Example |3.1[ under parallel transport, the normal vector (0,1,0) at (1,0,0) 
goes to the normal vector (-1,0,0) at (0,1,0), which goes to the normal vector (- 
1,0,0) at (0,tanQ;,l), which goes to the normal vector -^ ^""^ ' at (1,0,0). So going 
once around the curve the normal vector has moved through ^ — a. 



Start 



Once around 

the cnryft 
1^ 




This shows that Tiol{f) is generated by a rotation through | — a As in Example 
3.1, the image of Ss(/) under normal holonomy group is obtained by rotating the 
line ^s{f) through f — a. It depends on a and is obtained as: 
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JV.(/) 



If R is the rotating through an angle f — a then fl{f) = P|{(i?)"Q : n £ Z} where 

thus if s is rational then (i?)" (!;,,(/)) = J^sif) for 



3.1 



Q is a square as in Example 
some n G Z and so,n{f) is the interior of the smallest polygon. If - is irrational 
then (i?)"(Es(/)) 7^ ^s{f) for any n € Z and so,Jl(/) is an open disk of radius 
p together with a dense set of points on the boundary circle where p is minimum 
absolute value of the radius of curvature of the immersed curve by /. 



Example 3.3. In Example 3.2 we replace the immersion / with the immersion foh 
where h : M — > §^ = J| is covering projection. Since M is simply connected, for 
any arbitrary point s G M, any closed path at s is nulhomotopic with constant path 
at s, hence definition 2.2 shows that, the normal holonomy group of fOh is trivial 
(i.e.'Hol{foh) = Holo{foh) ). To calculate Q.{foh), we prove the theorem 
general. It will show that Q.{foh) = fl{f)- 



3.4 



Theorem 3.4. Let f : A/" — ! 

space with covering projection h 



M 



'^'^ be an immersion and M be any covering 
-^ M. Iff = foh, then n{f) = n{f). 



Proof Let x G fl{f) and fix po G M. Then definition 2.3 implies that, Vp G M, V7 

s.t. 7(0) = Po, 7(1) = P; fpn^ ^ Sp(/)- 

we define the total space of the normal bundle of / by 

N{f) = {(p,x) G Af X M'"+'= :< x,v>=0 Vw G f*Tp{M)} 
Also, for any p G h^^{p) we have 

UTp{M) = {foh),Tp{M) 
= {f,oK)Tp{M) 
= f*TpiM) 

this shows that, for any p G h^^{p) we have Np{f) = Np{f) and soEp(/) — Sp(/). 
Further, we fixp'o G h~^{po) then ipp^^ — ipp^^ where 7 : [0, 1] — > M s. t. 7 (0) 
p'o,7(l) — p- Therefore,Vp G M,V7; (pp^jX 7^ Sp(/). Now using definition 
follows that, X G f^(/). By the same way proves that ri(/) C fl{f). 



2.3 



again, 

D 



Example 3.5. If ^ 
the n-fold covering h 



a = — , then Example 



3.3 



can be modified by replacing h by 
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Going once around the first S^ in /i : S^ — > §^ corresponds to moving n times 
around the second §^ so parallely transporting a normal n times around the second 
S^ which gives a rotation of 

n{- -a) = n( — ) 
2 n 

= 27r 

i.e. the identity, so Jiol^foh) — 'HolQ(foh). Since, the immersed curve by foh 
and the immersed curve by / have same figure in M'^ and 'Hol(foh) is trivial so 
the singular sets of them also the same (i.e. Y,{foh) = S(/)). This implies that 

nifoh) = nif). 



Example 3.6. We consider a sequence of curves /„ in M^ defined as in Example 3.1 
except that ||/ri(s)|| and the curvature tends to infinity with n when s ~ 2 "" *" 
but is bounded otherwise. 



i or 2 



_3 




Now, we define the immersion / : M — > R^ by /(s± 3n) — fn{s)- When n tends to 
infinity, the immersion / : M — > M.^ has a sequence of points where the curvature 
tends to infinity and the radius of curvature at these points can be arbitrary small; 
in other words, 3s where Ss(/) is arbitrary close to "O" in Ns{f). So {O} is the 
only point not in the image of ^s{f) under normal holonomy group for all s € M. 
Then fl{f) — {O}. In this case because M is simply connected then Hol{f) is 
trivial. 

The following results have been proved in [2 , when 'Hol{f) is trivial. 

Theorem 3.7. Let M be a compact manifold, then each path- connected component 
of Vt{f) is open in M.^ . 

Theorem 3.8. Each path- connected component of Q{f) is convex. 



3.2 



if - is irrational then ft{f) is not open in M^ but 
r2(/) = {0} so f7(/) is closed in E2 but 



3.5 



Remark 3.9. In Example 

M = S^ is compact. Also, in Example 

T-Lol{f) is trivial. This shows that Theorem 3.7 is false when M is not compact or 

'Hol{f) is non-trivial. 
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Remark 3.10. In Example 3.6 one of the path-connected components of i^{f), which 
is the complement space of cone and two other components in M.^, is not convex. 
This shows that Theorem 3.8 is false when Hol{f) is non-trivial. 

Thus the properties of push-out space that are proved in the case Hollf) is 
trivial, is not true in general. 
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